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ABSTRACT
Some recent results on the applications of duality (and related) trans-
formations to general four-dimensional, spherically symmetric, asymptoti-
cally flat and time-independent string configurations are summarized. Two
classes of results have been obtained. First, these transformations are used
to generate the general such solution to the lowest-order field equations in
the α′ expansion. Second, the action and implications of duality (based on
time-translation) on the general configuration is determined. It is found to
interchange two pairs of the six parameters which label these configurations,
namely: (1) the mass with the dilaton charge, and (2) the axion charge with
the Taub-NUT parameter. For the special case of the Schwarzshild black
hole this implies the relation M → −k/α′M , where k is a known, posi-
tive, dimensionless number. It is argued that, in some circumstances, dual
theories need not be equivalent in the simplest sense.
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1 Introduction
This article is meant to describe some preliminary applications of dual-
ity to unravelling the implications of string theory for black hole physics
in four dimensions [Bur 94a, Bur 94b]. Before summarizing the points
to be outlined, some motivation is in order as to why duality transfor-
mations, and their applications to black hole physics, are worth thinking
about.
Duality transformations [Giv 94, gives an extensive review] are a
particular type of change of variable which have come to play increas-
ingly important roles in extracting the physical content of string theory,
and of some ordinary quantum field theories. Field theories which are
related by duality transformations are thought to be completely equiv-
alent, even though they may appear to be very different. Since it is
sometimes true that intractible strongly-coupled theories turn out to
be dual to calculable weakly-coupled ones, the physical equivalence of
the dual theories can be exploited to infer the behaviour of otherwise
unsolvable systems.
The development of this new tool may open new approaches to
studying old problems of compelling physical interest which have hith-
erto been too difficult to crack. In particular, a current hope is that they
may be useful for extracting the predictions of string theory for the dy-
namics of spacetimes having very strong, or even singular, curvatures,
such as are believed to arise in the final state of runaway gravitational
collapse, or in the earliest moments of the universe. The predictions
of string theory are of particular interest for this long-standing puzzle,
since string theory is the only known theory which gives sensible results
for the simpler, but related, problem of the scattering of particles in
flat space at energies at and above the Planck-scale.
The good news (so far) is that there are preliminary indications that
string theory has qualitatively new features which may figure impor-
tantly in our final understanding of gravitational collapse. The main
new feature to emerge so far is the realization that string theories ap-
pear to be quite forgiving in their notion of what constitutes a physi-
cally unacceptable singularity. What might be a malignantly singular
field configuration from the point of view of ordinary point-particle field
theories, can be completely benign as a background for string propa-
gation. This understanding has emerged as more solutions have been
constructed [Tse 94, for a recent review] to the full string equations, in-
cluding some singular ones. It is also indicated by the existence of dual-
ity transformations which relate spacetimes with singularities to duals
which are equivalent, and yet are absolutely nonsingular (including even
Minkowski space). Some of the dual spacetimes which have been related
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in this way even include black hole spacetimes [Wit 91, Giv 91, Dij 92],
although admittedly only in two spacetime dimensions.
All of this motivates further study of black-hole-type field configu-
rations within the context of string theory. This article reports on the
results of two lines of inquiry in this direction. These two lines may be
summarized as follows:
1. The first investigation [Bur 94a] uses duality transformations, and
some of their extensions, to generate new classical solutions to the
string equations of motion, starting from simple initial solutions.
In particular, they are used to systematically construct all possi-
ble spherically-symmetric, time-independent and asymptotically-
flat solutions in four dimensions. There are two new features
to these results. (i) First, because using duality to generate
new solutions is a purely algebraic proceedure, it is much sim-
pler than a direct attempt to solve the relevant set of nonlinear,
coupled, partial-differential equations. This simplicity has per-
mitted the inclusion of more nontrivial background fields than
previously had been tractable. (ii) Second, keeping in mind the
broad-mindedness of string theory towards singularities, all solu-
tions are presented, including some that are singular. Singular
solutions were often omitted in previous constructions.
2. The second application [Bur 94b] is to critically analyze the sit-
uation under which dual configurations can be expected to be
physically equivalent. In particular, an important class of duality
transformations — including most of those applied to black holes
— are argued to not relate physically-equivalent spacetimes in the
usual sense. The same considerations also lead to restrictions on
the boundary conditions which must be satisfied by some fields
in order for the duality transformations to take their usual form.
These two developments are presented in the remainder of this ar-
ticle in the following way. §2 sets the stage by briefly presenting a
reminder of the connection between string field configurations, and two-
dimensional conformal field theories. This is followed by the two ap-
plications listed above. First, §3 through §5 present the use of duality-
related transformations for constructing solutions to the low-energy
field equations. §3 summarizes the transformations themselves, while
§4 gives the simplest — i.e. dilaton-metric — solutions. §5 then ap-
plies the transformations of §3 to the field configurations of §4, thereby
generating solutions also incorporating nonzero axion and gauge fields.
The second line of argument is the topic of §6 through §8. §6 states
the form of the duality transformations in a manner which is sufficiently
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general for the desired applications. Their implications for the general
spherically-symmetric, time-independent and asymptotically-flat solu-
tions, including in particular the black hole solutions, are the topic of
§7. The result, as applied to black hole configurations, makes it diffi-
cult to see how the dual solutions can be physically equivalent. §8 is
dedicated to the resolution of this puzzle.
The conclusions which follow from these sections are finally sum-
marized in §9.
2 Strings and 2D Field Theories
This section is meant to review the connection between string field
configurations, and two-dimensional conformal field theories, since this
underlies all of what follows. This connection allows the application
of results for two-dimensional field theories to draw conclusions about
solutions to the string field equations.
2.1 String Field Configurations
A classical solution to the string theory equations of motion is equiva-
lent to a conformally-invariant, two-dimensional field theory. The con-
nection is simplest to see in the case that the two-dimensional field
theory is a sigma model, whose two-dimensional scalar fields, xµ(σ),
can be interpreted as describing the worldsheet of a string propagating
within a ‘target’ spacetime. For instance, suppose the sigma model
action has the form
S[xµ] = − 1
2πα′
∫
d2σ
√
γ
[
Gµν(x) γ
αβ +Bµν(x) ǫ
αβ
]
∂αx
µ∂βx
ν
− 1
8π
∫
d2σ
√
γ φ(x)R, (1)
where γαβ and ǫ
αβ are the two-dimensional metric and antisymmetric
Levi-Civita symbol and R is the curvature scalar for the metric γαβ.
The coupling functions, Gµν(x), Bµν(x) and φ(x), are interpreted in
string theory as being background values for three fields — the metric,
the ‘axion’, and the ‘dilaton’ — which represent three of the modes
of the string. These particular modes would have been massless if the
string were propagating through Minkowski space. There are typically
other such nearly ‘massless’ modes as well in a string theory, and we
shall consider later a spin-one gauge fields, Aµ(x), in addition to the
above three.
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Now comes the main point. There are two ways in which one might
imagine defining the equations of motion for these fields, given our
presently limited understanding of string theory itself. The direct way is
to infer the interactions of the various string modes by computing their
tree-level scattering on simple spacetimes, such as for Minkowski space.
One finds an action which reproduces these scattering amplitudes, and
then computes the equation of motion using this action.
The alternative way to determine the equations of motion for Gµν ,
Bµν , φ and Aµ is to compute the conditions which these quantities
must satisfy in order for the corresponding two-dimensional theory to
be conformally invariant at the quantum level. It is an amazing fact
that these two methods produce results which agree with one another
— up to the ubiquitous freedom to perform field redefinitions — in all
cases for which they have been compared.
The resulting field equations can be explicitly written as an expan-
sion in powers of derivatives of the background fields times the dimen-
sionful constant α′. In four dimensions the action which reproduces the
leading terms in these equations for the fields of interest is [Gre 87]:
L = e
φ
8πα′
√
−G
[
R(G) + (∇φ)2 − 1
12
HµνλHµνλ − 1
8
F µνFµν
]
+ · · · ,
(2)
where Hµνλ = ∂µBνλ − 14 AµFνλ + (cyclic permutations)3 and Fµν =
∂µAν − ∂νAµ are, respectively, the field strengths for the axion and
electromagnetic fields. R(G) is the Ricci scalar for the metric, Gµν ,
and the square root involves the quantity: G = detGµν . This metric
is often called the ‘sigma-model’ metric to distinguish it from the one
for which a field redefinition has been performed to put the Einstein
term into standard form. The ellipses in eq. (2) represent terms which
involve other massless fields and others involving more derivatives that
arise at higher orders in α′.
Some of the higher-order corrections to these equations in the deriva-
tive expansion have also been computed. For later purposes we quote
the quantity which is responsible for the higher-order corrections to
configurations involving only the metric and the dilaton, which turns
out to be [Gre 87]:
δL = λe
φ
2
√
−G RµνρσRµνρσ . (3)
3By including the gauge-field-dependent Chern-Simons term, 1
4
AF , in the def-
inition of H we restrict our discussion of gauge fields to the heterotic string. By
contrast, the discussion for Aµ = 0 applies equally well to bosonic and superstrings.
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Here λ is 1
2
for bosonic strings, 1
4
for heterotic strings, and 0 for super-
symmetric strings.
This establishes a direct connection between background string con-
figurations and two-dimensional conformal field theories. The spectrum
of string states corresponds to a class of operators in these field theories
which represent the conformal group in a particular way. The scatter-
ing of these string states can be computed by evaluating appropriate
correlation functions involving these operators in the conformal field
theory.
Given this connection it is immediate how to interpret the equiva-
lence between any two conformal field theories in terms of string states.
If two conformal theories can be shown to have precisely the same con-
tent, then they must describe identical string scattering about identical
background string configurations. Duality transformations are inter-
esting because they imply precisely this kind of equivalence between
two-dimensional field theories.
3 Classical Transformations
There is a broad class of transformations which are guaranteed to map
conformal field theories into other conformal field theories, even though
the theories which are related in this way need not be physically equiv-
alent. That is to say, this broader class of transformations are guar-
anteed to take classical string vacua into other classical vacua, but the
full Hilbert space of string modes constructed about these vacua can
be different. Although these transformations cannot therefore be con-
sidered to be bona-fide string symmetries, they are nevertheless very
useful for generating new classical solutions from known ones.
There are two transformations of this type which are used in what
follows. We outline both of these in the following two subsections.
3.1 SL(2, IR) Transformations
The first class of such transformations is a group of SL(2, IR) trans-
formations [Sha 91, DeR 85, Sen 93] which includes the classical string
S-duality transformations [Wit 85, Bur 86, Li 87] of the low-energy ef-
fective theory. To formulate these transformations it is useful to use
the scalar variable, a(x), which is dual to the three-index axion field,
Hµνλ:
Hµνρ = −e−2φǫµνρκ∇κa. (4)
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Here all indices are raised and lowered with the Einstein metric, gµν ,
which (in four spacetime dimensions) is related to the sigma-model
metric, Gµν by: gµν = e
φ Gµν , and the Levi-Civita tensor is also con-
structed using gµν . Many properties of the theory take a simple form if
the field, a, is combined with the dilaton, φ, into the complex combina-
tion, S = a+i eφ. In terms of this variable the SL(2, IR) transformation
becomes
S −→ aS + b
cS + d
(F+)µν −→ (cS + d) (F+)µν (5)
(F−)µν −→ (cS∗ + d) (F−)µν .
where S∗ is the complex conjugate of S, and (F±)µν ≡ Fµν± i2 ǫµνρκ F ρκ.
Once again it is the Einstein metric which is involved in these defini-
tions. The quantities a, b, c and d are real numbers which must satisfy
ad−bc = 1. If S, gµν , and Fµν all satisfy the string equations of motion,
then so must the transformed variables as defined by eq. (5).
3.2 The O(1, 1) Transformations
There is a second transformation which can be used to generate new
classical string solutions from old ones [Cec 88, Mei 91, Sen 92, Gas 91,
Has 92]. In the simplest case of a field configuration that is independent
of a single coordinate, s, there is an O(1, 1) group of such transforma-
tions. The action of these transformations is most easily written when
the background fields are written as the following 9× 9 matrix
M =
 K
T
−
G−1K− KT−G−1K+ −KT−G−1A
KT+G−1K− KT+G−1K+ −KT+G−1A
−ATG−1K− −ATG−1K+ ATG−1A
 (6)
where
(K±)µν = −Bµν − Gµν ± ηµν , (7)
and ηµν is the flat Minkowski metric in four dimensions. In these ex-
pressions the quantity Gµν is defined by: Gµν = Gµν + 14 AµAν . For a
detailed statement of the conventions used, see ref. [Bur 94a].
With these variables the O(1, 1) transformations can be expressed in
matrix form, M→ ΩMΩT , where the transformation matrix is given
by
Ω =
 I7 0 00 x √x2 − 1
0
√
x2 − 1 x
 . (8)
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Here I7 is the 7×7 unit matrix, and x is a parameter satisfying x2 ≥ 1.
The action of the O(1, 1) transformations on the dilaton is given by
eφ →
(
detG
detG′
) 1
2
eφ , (9)
where G′µν denotes the transformed sigma-model metric.
4 Dilaton-Metric Configurations
The goal now is to use these transformations to generate the most gen-
eral spherically-symmetric, asymptotically-flat and static solutions to
the string equations. This will be done by applying the transformations
to a particularly simple class of solutions. The first step — identifying
this initial simple class of solutions — is the topic of the present section.
4.1 The Lowest-Order Solution
The starting point is the most general four-dimensional, asymptotically
flat, static and spherically-symmetric configuration which solves the
string equations to leading order in α′, and which involves only the
metric and dilaton fields. We therefore directly solve the equations:
Rµν(g) =
1
2
∇µφ∇νφ
∇2φ = 0, (10)
using the ansatz
gµνdx
µdxν = −f(r)dt2 + g(r)dr2 + h2(r)(dθ2 + sin2 θ dϕ2),
φ = φ(r), (11)
The result is a family of field configurations whose study actually
predates the earliest advent of string theory itself [Buc 59, Jan 69]:
f =
1
g
= Λδ(r)
h2 = r2Λ1−δ(r) (12)
eφ = eφ0 Λγ(r),
where Λ(r) is a shorthand for the function 1 − (ℓ/r). ℓ is the only
dimensionful parameter in the solutions, and so it simply sets their
8
overall scale. We assume both ℓ and r to be positive in what follows.
The two dimensionless quantities, δ and γ, are the arbitrary parameters
which label the solutions, subject to the condition δ2 + γ2 = 1.
φ0 is the asymptotic value which is obtained by the dilaton field as
r → ∞. It is convenient in what follows to shift φ by a constant to
ensure that it tends to zero for large r, and so to completely remove φ0
from the solutions. This is always possible in string theory, with the
general result — for classical string solutions — that φ0 only appears
as an overall factor in the low-energy lagrangian of eqs. (2) and (3).
It can therefore be absorbed into the definition of Newton’s constant,
which we take (in four dimensions) to be GN =
1
2
e−φ0 α′.
The choice (δ, γ) = (1, 0) yields the Schwarzschild metric with con-
stant dilaton field, and ℓ is in this case related to Newton’s constant,
GN , and the black hole mass, M , by ℓ = 2GNM . So long as γℓ 6= 0,
however, the metric of eq. (12) has a real curvature singularity at r = ℓ.
4.2 The Conserved Charges
The two independent parameters which label this family of solutions
have a useful interpretation in terms of the asymptotic behaviour, as
r →∞, of the fields involved. In general, for large r, the solutions take
the form:
f(r) = 1− A
r
+ · · · ;
g(r) = 1 +
B
r
+ · · · ; (13)
h(r) = r2
[
1 +O
(
1
r
)]
,
eφ(r) = 1− QD
r
+ · · · ,
with constants, A = B = δℓ and QD = γℓ.
These constants have a physical interpretation as specifying the
corresponding conserved charges which are carried by the solutions.
That is, the conserved (ADM [Arn 62]) mass, M , of the solution is
related to the constant A by 2GN M = A. The constant, QD, similarly
defines a dilaton charge for the solution.
The utility of labelling the solutions by their values for M and
QD is that these quantities are equally well defined for the complete
solution to the string equations. Given these asymptotic expressions,
the complete equations may be solved order by order in α′, giving a
unique solution for any choice of M and QD. The same is not true
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for the parameters δ and γ, which are defined in terms of the specific
form of the solution to these equations only at lowest order in α′. For
instance, if we focus on the black hole solution — which we take to
be the solution for which the potential singularity at r = ℓ is only a
coordinate artifact — and work to next order in α′ by including eq. (3)
into the low-energy string action, then the result is still characterized
by the quantities M and QD, but with [Cal 89]:
2GNM = A = B = ℓ+ 11λα
′
6ℓ
+O(α′2),
QD = − 2λα
′
ℓ
+O(α′2). (14)
Recall that the constant λ appearing here is 1
2
in the bosonic string, 1
4
in the heterotic string, and 0 in the superstring.
5 More General Classical Solutions
It is now possible to compute more general classical solutions, simply
by repeatedly applying the SL(2, IR) and O(1, 1) transformations of the
previous sections to the above solutions. Before doing so explicitly, it
is first worth characterizing the possible parameters which can describe
these solutions by first analyzing the asymptotic behaviour which is
permitted for the fields at large r.
5.1 The Conserved Charges
Once the metric and dilaton fields are supplemented by nonzero axion
and gauge fields, more complicated solutions become possible. We take
the following spherically-symmetric and time-independent ansatz for
the axion and gauge fields:
a = a(r), Ftr = E(r), Fθϕ = B(r) sin θ. (15)
and we generalize, for later convenience, our metric ansatz to include
stationary, but not static, metrics:
gµνdx
µdxν = −f(r)(dt+2N cos θ dφ)2+g(r)dr2+h2(r)(dθ2+sin2 θ dϕ2).
(16)
The parameter N here is called the NUT parameter, due to the simi-
larity of eq. (16) with the Taub-NUT metric [Tau 53, New 63, Mis 67].
The corresponding new conserved charges can be inferred by exam-
ining the large-r behaviour that is implied by the field equations for
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these fields. This is given, for the dilaton and metric, by eqs. (13), and
for the axion and gauge fields by:
a(r) = − QA
r
+ · · · ;
At =
QE
r
+ · · · , (17)
Aϕ = − QM cos θ + · · · .
The constants QA, QE and QM are the solution’s axion, electric and
magnetic charges, respectively.
5.2 Dilaton-Axion-Metric Solutions
The simplest generalization is the inclusion of a nonzero axion field in
addition to the original dilaton and metric configurations. These may
be generated by applying the SL(2, IR) transformations, eq. (5), to the
solution of eq. (12), being careful to preserve the boundary conditions
for φ and to ensure that a → 0 at large r. (There is no loss of gener-
ality in choosing this boundary condition for the axion field, since the
definition, eq. (4), only defines a(r) up to an additive constant.)
Performing the SL(2, IR) transformation, we obtain the same metric
configuration as before, but the new dilaton and axion fields, φˆ and aˆ:
eφˆ =
(
1 + ω2
) Λγ(r)
ω2Λ2γ(r) + 1
, aˆ =
ω [Λ2γ(r)− 1]
ω2Λ2γ(r) + 1
, (18)
ω is the new real parameter of the solution, while δ and γ are
the labels of the original dilaton-metric configuration. The starting
dilaton-metric solution is re-obtained as the special case ω = 0. These
parameters are related to the three conserved charges of the dilaton-
axion-metric system by:
2GN M = δℓ, QD =
1− ω2
1 + ω2
γ ℓ and QA =
2ω γ ℓ
1 + ω2
. (19)
All of these solutions have real singularities at r = ℓ, except for the
special case γℓ = 0. An interesting special limit of these solutions is
the case ω = ±1, for which the dilaton charge, QD, vanishes. Notice
that even for this choice, however, the dilaton field is nonvanishing due
to the nontrivial axion configuration.
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5.3 Including a Gauge Potential
It is conceptually no more difficult, although algebraically more tedious,
to generate the general dilaton–axion–metric–gauge-potential configu-
ration. This is obtained by repeatedly performing SL(2, IR) and O(1, 1)
transformations to the previous solutions. Three new parameters, x, ǫ
and ρ, enter the solution in this way before these transformations start
just regenerating previously-obtained configurations. These three pa-
rameters are related to the electric and magnetic charges, QE and QM ,
of the background electromagnetic fields, and to the NUT parameter,
N , of the metric (which is defined by eq. (16)).
The result of this process is a fairly complicated field configuration,
whose explicit form is not particularly illuminating and so is not re-
peated here. Detailed expressions are given in [Bur 94a]. Instead, we
turn to the action of duality on these solutions, and on their extensions
to higher order in the α′ expansion.
6 Duality Transformations
The remainder of this article is devoted to exploring the implications
of duality transformations for the black-hole, and singular, solutions
just constructed. Some of the results we obtain also apply to the exact
solutions to the string equations.
6.1 The Transformation Rules
The first step is to define what is meant by duality transformations.
A reasonably general algorithm has emerged with which it is always
possible to systematically generate dual field theories from a given one
[Roc˘ 92, Alv 94a, Alv 94b], generalizing an earlier construction which
had been developed for the earliest known string duality [Bus 87]. The
algorithm applies to any field theory which admits a continuous sym-
metry.
It is simple to state the result for the case of the sigma model,
eq. (1), when the symmetry corresponds to the independence of one of
the coordinate directions, of the fields Gµν , Bµν , φ and Aµ. Denoting
this direction by s, then the sigma model which is dual to the original
one involves the fields G˜µν , B˜µν , φ˜ and A˜µ, where [Bus 87, Giv 89,
Sha 89, Alv 95]:
G˜ss = 1/Gss, G˜sµ = −Bsµ/Gss,
12
G˜µν = Gµν −
[GsµGsν +BsµBsν
Gss
]
(20)
B˜sµ = −Gsµ/Gss, B˜µν = Bµν + GsµBsν − GsνBsµGss ,
A˜s = − AsGss
A˜µ = Aµ −As Gsµ −BsµGss
eφ˜ = eφ
(
detG
det G˜
)1/2
.
As before, the quantity Gµν is defined by: Gµν = Gµν+ 14 AµAν , and the
index µ runs over all values except for µ = s. (Ref. [Alv 94b] presents
the duality transformations in a more manifestly covariant way.) These
transformations in general can acquire higher-derivative corrections in
powers of α′ as well.
6.2 An Example: The Torus
Perhaps the simplest example brings out many of the main features
of these duality transformations.4 The simplest example consists of a
toroidal spacetime, for which the metric is flat and all other background
fields are taken to be trivial. If we base the duality on the symmetry
of translations along one of the compact coordinate directions of the
torus — call it s, say — then the general expression of eq. (20) simply
reduces to the replacement:
Gss → 1
Gss
, φ0 → φ0 + log
∣∣∣Gss∣∣∣. (21)
Here both Gss and φ0 are constants. The dual configuration is once
more a torus, but eq. (21) states that if the circumference in the s
direction is initially R, then for the dual theory it becomes R˜ ∝ α′2/R.
The beauty of the toroidal example is that for this background the
complete spectrum of string fluctuations is known, and the correspon-
dence of states in the dual theories can be explicitly followed. States
turn out to be labelled by two integers, m and n, in addition to other
quantum numbers, where m labels the quantized momentum in the
s direction and n gives the number of times which the string winds
around this direction. It turns out that duality acts to interchange m
4See ref. [Giv 94] for references to the extensive literature on toroidal duality.
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and n, while leaving all of the other quantum numbers fixed. The im-
portant role which is played by the winding modes, for which n 6= 0,
emphasizes the intrinsically ‘stringy’ nature of the duality symmetry.
When the direction associated with the symmetry coordinate is
compact, such as for the translations of a torus just considered, then
the sigma models having the dual field configurations can be shown
to be completely equivalent, and so describe exactly the same string
physics [Roc˘ 92]. Eqs. (20) can therefore be considered as full quantum
symmetries of string theory.
The relation of the dual theories is less clear when the relevant
symmetry coordinate is not compact. We argue in what follows that
the equivalence need not be true in the noncompact case.
7 Applications of Duality
We now explore the implications of duality for general spherically-
symmetric, time-independent and asymptotically-flat field configura-
tions.
7.1 The Dilaton-Metric Configuration
To get an idea for what is implied by a duality transformation, we first
apply one to the dilaton-metric configuration considered in §4.1, above.
We base the duality transformation on the symmetry of time translation
of the original solution. This solution, given by eq. (12), is characterized
by the two constants, δ and γ, together with the dimensional quantity
ℓ. Applying the duality transformation, eq. (20), to this configuration
leads to another solution of the form as eq. (12), but with the constants
δ and γ interchanged:
δ ←→ γ. (22)
Given the relation between these parameters and the conserved
charges we see that eq. (22) implies:
2GN M ←→ QD. (23)
As will now be discussed, this last way of writing the duality trans-
formation law applies equally well to the solutions at higher-orders in
α′.
7.2 Application to General Configurations
Since part of the promise of studying duality transformations lies in
their potential for leading to exact information concerning the theory
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involved, it is of enormous interest to understand how duality acts on
the exact string solutions, rather than simply having its action on the
approximate solutions to low orders in the derivative expansion. The
obvious difficulty lies in determining this action when explicit expres-
sions for the solutions, and the transformation laws, are themselves not
known beyond the leading order in α′.
It is nonetheless possible to draw general conclusions for the case of
time-independent, spherically-symmetric, asymptotically flat field con-
figurations, since these are in principle completely characterized by
their values for the conserved charges M , N , QD, QA, QE, and QM .
Furthermore, these charges are themselves completely determined by
the behaviour of the fields in the asymptotic, large-r, regime for which
all fields are very slowly-varying. As a result, it is possible to determine
the action of duality on the conserved charges of a solution using just
the leading expressions in the derivative expansion.
By applying the transformation law, eq. (20), to the asymptotic
forms for the background fields, eqs. (13) and (17), the action of duality
on the space of four-dimensional, asymptotically-flat, time-independent
and spherically-symmetric string solutions may be determined in gen-
eral. We find that the solution which is labelled by the charges M , N ,
QD, QA, QE, and QM becomes mapped to the solution whose charges
are M˜ , N˜ , Q˜D, Q˜A, Q˜E, and Q˜M , where:
2GN M˜ = QD, Q˜D = 2GN M, Q˜A = 2N, 2N˜ = QA, (24)
and
Q˜E = QE, Q˜M = QM . (25)
That is, duality simply interchanges the mass with the dilaton charge,
as well as interchanging the axion charge with the NUT parameter,
while leaving the electric and magnetic charges untouched.
7.3 The Black Hole Special Case
This transformation law has some odd consequences, as may be seen
by focussing on the black-hole solutions. At lowest order in α′ these are
characterized by the parameters δ = 1 and γ = 0, and so their image
under duality must have δ˜ = 0 and γ˜ = 1. If we use the expressions
for M and QD, as given to O(α
′) in eqs. (14), then we find for the dual
configuration:
2GNM˜ = − 2λα
′
ℓ
+O(α′2),
Q˜D = ℓ +
11λα′
6ℓ
+O(α′2). (26)
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This transformation rule contains the seeds of a puzzle. Notice, in
this regard, the mapping from positive to negative mass:
M˜ = − k
α′M
+O
(
1
α′2M3
)
, (27)
where k = λα′2/2G2
N
= 2λe2φ0 is a dimensionless constant. (In the
special case of the superstring, for which λ = 0, it is necessary to
work to still higher order in α′ to infer the sign of M˜ , again giving
the result [Bur 94b] that M and M˜ have opposite signs.) The puzzle
is to understand how the physical equivalence of dual solutions can be
reconciled with a change of sign of the solution’s mass. The next section
is devoted to the resolution of this puzzle.
8 Equivalence Under Duality
Intuitively, it seems absurd that a background field configuration having
negative mass could be physically equivalent to one for which the mass
is positive. The goal of this section is to pin down this intuition, in order
to better understand the circumstances under which dual spacetimes
can be equivalent.
A more precise reason for doubting the equivalence of spacetimes
having opposite masses would be the expectation that such spacetimes
should gravitationally scatter incident test particles differently. After
all, based on experience with the Newtonian force law for universal
gravitation, a positive mass should exert an attractive gravitational
force on a distant, slowly-moving particle, while the force due to a neg-
ative mass should be repulsive in this limit. One might worry, however,
whether the presence of other massless background fields — such as the
dilaton or axion etc. — may invalidate any intuition which is based on
the Newtonian limit of pure gravity.
8.1 Test-Particle Scattering
It is straightforward to test these ideas, by computing the scattering
of test particles which remain at large r, and so which experience only
slowly varying fields. This calculation may be performed explicitly in
string theory by choosing massless string states as test particles. The
result is particularly simple in the limit for which the wavelength of the
incident state is both longer than the Planck length, and shorter than
the typical distances over which the background fields vary. This is
the regime of geometric optics, for which simple arguments show that
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massless string states simply follow the null geodesics of the metric,
regardless of the presence of axion and dilaton fields [Bur 94b].
For example, in this limit the scattering angle, ∆ϕ, of a photon
which remains at large r throughout its interaction with the background
field is given (for vanishing NUT parameter) by [Bur 94b]
∆ϕ ∼−
4GN M
r0
, (28)
where r0 is the smallest radial coordinate that is attained by the photon.
As advertised, this result depends only on the mass M of the source,
and not on its other charges. The result for the dual spacetime is given
by the same expression, with M → M˜ .5
8.2 A Better Argument
Convincing as the previous calculation may seem, it leaves room for
doubt concerning the inequivalence of the dual field configurations we
have considered. This is because it leaves open a loophole, whose exis-
tence becomes clear once the well-understood example of toroidal du-
ality is reconsidered. As was stated in §6.2, duality acts to interchange
the labels m and n which respectively characterize the momentum and
winding number along the symmetry direction. It is the scattering
of ‘winding modes’ (n 6= 0) in the dual theory which is equal to the
scattering of ‘momentum modes’ (m 6= 0) in the original theory. The
problem with the scattering calculation of §8.1 arises because it is not
clear whether the photon in the original theory is mapped to the same
photon in the dual theory. If not there is no reason for a result like
eq. (28) to be the same for both the original spacetime and its dual.
In fact, since the symmetry on which duality is based for the config-
urations considered here is time translation, it is not completely clear
precisely how the winding and momentum modes should be defined.
As a result, an alternative argument in favour of the inequivalence of
the dual solutions is now presented which does not rely on being able
to trace the detailed action of duality on the various string states. This
is done by identifying a one-parameter family of equivalent background
field configurations, and showing that these dualize to a one-parameter
family of inequivalent configurations. We are led to the conclusion that
eqs. (20) need not be a string symmetry, at least when the coordinate
‘s’ labels a noncompact direction.
5This assumes only that the dual NUT parameter also vanishes, which implies
the vanishing of the axion charge, QA, of the original solution. This class of config-
urations is amply big for the present purposes.
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The key point on which this argument relies is the observation that
the transformations of eqs. (20) depend in detail upon the boundary
condition which is satisfied at large r by the gauge potential in the
time direction, At. In particular, the duality transformations obtained
in §7.2 for the conserved charges of the spherically-symmetric solutions
are only correct if it is assumed that At falls off like 1/r. This is required
if the quantity Gtt = Gtt + 14 AtAt is to have the same asymptotic form
as does Gtt — a result which is required in deriving eqs. (24) and (25).
Suppose, then, we instead assume the following asymptotic be-
haviour for At:
At = 2v +
QE
r
+ · · · , (29)
where v is a constant. This form does not affect the asymptotic be-
havior of the electric and magnetic fields, and so does not change the
values of the electric and magnetic charges. In order to not change
the asymptotic form for the field strength, H = dB − 1
4
AdA, it is also
necessary to alter the asymptotic behavior of the Kalb-Ramond field,
B, which we assume to have done in what follows.
When performing the duality transformation, eq. (20), using the
asymptotic form of eq. (29) it is necessary to rescale the time coordinate
to preserve the limit Gtt → −1 as r → ∞, and to shift the dilaton by
a constant in order to recover its previous limiting value at infinity.
With these choices the action of duality on the asymptotic charges is
no longer given by eqs. (24) and (25), but rather by [Bur 94b]:
2G˜NM˜ =
1
1− v2
[
QD − 2v2GNM − vQE
]
Q˜D =
1
1− v2
[
2GNM − v2QD + vQE
]
2N˜ =
1
1− v2
[
QA − 2v2N
]
(30)
Q˜A =
1
1− v2
[
(1− 2v2)2N + v2QA
]
Q˜E =
1
1− v2
[
(1 + v2)QE + 2v(2GNM −QD)
]
Q˜M = QM +
v
1− v2 [2N −QA] .
It is assumed in these equations that v2 < 1. Notice that the previous
results are obtained as v → 0. The ‘tilde’ is written over Newton’s
constant in the first line to emphasize that this constant is modified
because of the shift which was required of the dilation field in order to
preserve its boundary conditions at large r.
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We are now in a position to argue against the necessity of physical
equivalence between dual solutions when the duality which relates the
solutions is based on a noncompact symmetry. The first step is the
observation that the asymptotic value, v, which is taken by At drops
out of all physical quantities because it can be changed by performing
a gauge transformation. The one-parameter family of field configura-
tions which differ only in their asymptotic value for At are therefore all
physically equivalent to one another. In particular, all would agree on
their prediction for the scattering of an incident massless string mode.
Now, if duality based on eqs. (20) were always to generate phys-
ically equivalent string configurations, it would follow that the one-
parameter family of dual configurations which are obtained from the
original gauge-equivalent family must also all be physically equivalent.
But eqs. (30) show that the dual configurations have conserved charges
which depend explicitly on the value of the parameter, v. They there-
fore differ in their physical predictions, such as for the scattering of
massless string modes, and so cannot be physically equivalent. We
conclude that for the class of configurations considered here, eqs. (20)
are not symmetries of string theory.
Notice that the compactness of the symmetry plays a role in this ar-
gument. If the symmetry direction were compact, the above argument
would fail since it would no longer be possible to shift At by an arbitrary
constant value simply by performing a gauge transformation. Different
constant values for At would be physically distinct since they could
be characterized by different values for a gauge-invariant quantity: the
Wilson lines around the compact direction.
8.3 Flat Space Revisited
The above considerations can be further focussed by reconsidering the
case of flat space and toroidal compactifications. We can avoid the
complication of understanding the meaning of winding and momentum
modes in the time direction by considering instead duality based on
translations in one of the noncompact spatial directions. It is instruc-
tive, in this case, to consider this direction as the limit of a compact,
circular, direction as its circumference tends to infinity.
For any finite circumference, duality indeed represents an exact
string symmetry, with all momentum modes dualizing to winding modes
in the symmetry direction, and vice versa. For infinite circumference
the momentum states degenerate into a continuum of permitted eigen-
values, while the masses of all of the winding modes tend to infinity. As
required by duality, precisely the opposite happens as the circumference
tends to zero: winding states form a continuum and momentum states
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become infinitely massive. So long as both winding- and momentum-
modes are both kept in the infinite (and zero-) circumference limit,
duality continues to relate equivalent theories.
But string theory, as it is normally defined on (noncompact) flat
Minkowski space, is the path integral over all possible string embed-
dings in this space. This corresponds to what is obtained from a com-
pact space in the infinite-circumference limit provided that the winding
modes are dropped in this limit. Once the winding modes are omitted,
the equivalence of dual configurations is no longer guaranteed.
This picture is similar to that obtained by Ref. [Alv 94b], who ana-
lyze more systematically the equivalence of solutions related by duality
based on a noncompact symmetry. They find equivalence, but only
if one of the dual pair of solutions is quantized as a vortex gas. In
this unconventional string theory, there are no local vertex operators
carrying momentum in the symmetry direction, but instead one con-
structs nonlocal ‘vortex’ operators carrying ‘winding-number’ for this
direction.
This line of argument indicates that a string theory is not uniquely
specified by listing its configuration of background fields, since addi-
tional choices — such as whether or not to include nonlocal vortex
operators — must also be made. Although duality can always produce
an equivalent string theory from any given one, the two string theories
generically will not both be interpretable as the sum over string em-
beddings in the given background field configurations. In comparing
the dual theories, one must keep in mind this distinction. For exam-
ple, for two-dimensional black holes, the propagation and interactions
of tachyons near the singularity are equivalent to the propagation and
interactions near the horizon of some dual vortex states, rather than of
tachyons.
9 Conclusions
The purpose here has been to present some results of a preliminary
investigation [Bur 94a, Bur 94b] into the consequences of duality, and
related, transformations on our understanding of string propagation
through black-hole-like spacetimes. This has been accomplished by
outlining two qualitatively different types of results.
The first class of result simply uses these transformations to gen-
erate new solutions to the string equations. This technique has been
used to generate the most general static, spherically-symmetric and
asymptotically-flat string configuration which solves the string equa-
tions to lowest order in α′. Solutions of this form are now known which
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involve all of the metric, dilaton, axion and gauge fields — a broader
class than had hitherto been constructed. They are labelled by a collec-
tion of five conserved quantities: the mass M , and the dilaton, axion,
electric and magnetic charges: QD, QA, QE and QM . If the static condi-
tion is relaxed to include some stationary metrics, then a sixth charge,
the NUT parameter, N , is also required.
Using duality, and related, transformations to generate these so-
lutions has the practical advantage of requiring the use of only alge-
braic techniques, instead of having to solve several coupled, nonlin-
ear, partial-differential equations. This makes its application relatively
straightforward to apply to more complicated, less symmetric, field
configurations.
Most of the solutions which were generated in this way have real
curvature singularities at fixed, nonzero r, and these singularities are
in some cases naked. We regard it to be premature to discard these
solutions until it is better understood precisely what configurations
string theory considers to be singular.
The second type of investigation reported here concerns the action
and implications of duality on these low-energy solutions in particu-
lar, and on static, spherically-symmetric and asymptotically-flat string
configurations in general.
The result can be presented in a very general form. By investigating
the action of duality on the asymptotic form of a general field configu-
ration for large r, it becomes clear that duality simply interchanges the
configuration’s mass and dilaton charge, as well as interchanging the ax-
ion charge with the NUT parameter. The electric and magnetic charges
do not change. These results are very robust — applying equally well
once higher orders in α′ are included — depending as they do only on
the large-r behaviour of the solution.
Somewhat surprisingly we find that the dual field configuration de-
pends in an important way on the assumed asymptotic form for the
electrostatic potential, At. The conclusions of the previous paragraph
assumed At to be chosen to vanish asymptotically.
For the special case of the four-dimensional ‘Schwarzschild-like’ so-
lutions — i.e. those that are nonsingular at the Schwarzschild ra-
dius — a black hole of mass M is mapped by duality onto a singu-
lar configuration whose mass, M˜ , is given by M˜ = −k/(α′M), where
k = λα′2/2G2
N
= 2λe2φ0 . λ here is 1
2
in the bosonic, and 1
4
in the het-
erotic string. For the superstring, it happens that λ = k = 0, and so
O(α′3) corrections are required in order to determine the dual mass.
The result in this case turns out to be: M˜ = − k′/(α′3M5), where
k′ = 3ζ(3) e6φ0.
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We have also addressed the potential inequivalence of the two dual
solutions in the case where the symmetry on which duality is based is
not compact. An argument was presented which led to one of the
following two options: (i) dual solutions, defined by eqs. (20), can
be physically inequivalent; or (ii) constant shifts of the electrostatic
potential, At, can change the physical content of the theory. Arguments
in favour of the first option were presented, using the well-understood
example of flat space.
The potential implications of duality are just beginning to be ex-
plored, both for black holes, and for other physical systems. May the
rewards be both rich and varied!
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